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WAVE PROPAGATION BETWEEN BOOSTER LAMINATIONS
INDUCED BY LONGITUDINAL MOTION OF BEAM

S. C. Snowdon
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PURPOSE

To calculate the electromagnetic wave propagation in the
crack between booster magnet laminations induced by longitudi-
nal charge oscillations of the beam. The result is to be ex-
pressed in terms of a wave impedance at the iron boundary so
that the effects of the propagation may be readily incorporated
into beam dynamics calculations. Cylindrical geometry is as-

sumed for simplicity.

RADIAL CRACK

An exact solution for an electromagnetic wave propagating

radially in the geometry shown is to be found.
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The transverse magnetic mode has its vector potential expressed

as
>

>
A = VxLU (1)

>
where L is the operatorl
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L = kxV, (2)
>

and k is the unit vector along the x-axis. Assuming a time

-1 wt
variation of e™t s one has
> > > >
A = kv2u - 72U | B = - LYy (3)

9%

For U, one has

5 w2 Mnocm
v Uc + (% ;§\+ 02 i U, = 0 (crack, gaussian) (4)

and

V°Up + ——=— 1 Uy = 0. (Iron, gaussian) (5)

Thus no displacement current 1s assumed in the iron and unit
permeability is assumed in the crack.

The following may be taken as solutions to Egs. (4) and

(5). 5

“A1 3
U =¢Ce chi z Ro(kr) (6)

—ApZ Ro(kr) (z>0) (7)

=
]

S
D cth§ e

where

R (kr) = HO(Z)(kr)HO(l)(kb) - nHo(l)(kr)Ho(2>(kb).(8)

In Eq. (8) the functions are Hankel functions, n is the re-
flection coefficient and k 1s the radial propagation constant.
In order to satisfy Egs. (4) and (5)

5 5 w2 Mﬂocw

'?\=k"€_§" > 1 (9)
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Ap =k - ———1 (10)
c
For z>0 the fields are
iwkkc —AI %
Erc = S C e shkcz Rl(kr) (11)
8
. 2 AL =
_ _lwk R
EZc = o C chAcz Ro(kr) (12)
8
2 by -Ar =
_ kw c . I2°2
HeC = - —-——-—-02 G + o :I) C e ChKCZ Rl(kl") (13)
iwkAi -A-Z
_ I 8 I
ErI = - S D chAc 5 € Rl(kr) (1)
. 2 -,z
E.=- 29 popy S L Ro<kr) (15)
z1 c c 2
chlwki S —AIZ
HOI = - "-"—0—'2“———" D Ch)\c 5 e Rl(kr) s (16)
where
_ (2) (1) (1) (2)
Rl(kr) = Hl (kr)HO (kb) =~ nHl (kr)Ho (kb).(17)

Boundary conditions at z = §/2 require continuity of

Er and He. This gives

S\ =
A, G+ Ag coth(kc E)D =0 (18)
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Mﬂoc
w fe t+ ——1 C - MﬂiGI D = 0, (19)

Equations (9), (10), (18), and (19) are solved simultaneously

for the radial propagation constant k. The condition 1s

Yoo 2,2 Yruo
+ {e + o i c g - ) at i .
ING W
2 2 hgo '
1) k .
coth (%E sz - e - — Cs31] =0 (20)
%

The wave impedance in the crack will be calculated only

for z = 0 since the crack is assumed quite small. Then,

EZC(P,O)

H, (750) ° (21)

Z(r) = e

To determine the reflection coefficient n, set the wave im-
pedance in the crack at r = b equal to the wave impedance for

a plane wave in iron. Thus

2(0) = 1 - D fge- - (22)

Equations (12)and (13) then yield
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hro
ck . (2) - E i, (2)
o Ho (kD) + e °> ﬁfr‘; (kb) (1)(kb)

n= - 7T (1) Doy ¥
9{-‘)— Ho(l)(kb) + s+ > /ﬂ? (kb) Hy "7 (kb)
and
. R (ka)
k O
z(a) - ewiﬁﬂcci ’ Rl(ka) (24)
RESULTS

Table 1 lists the permeability, permittivity and con-
ductivity of materials that seem appropriate for booster lam-
inations. The dielectric properties of core plating could
not be obtained from the manufacturer. It has been assumed
that they are close to a phosphate glass. Manufacturer's
technical literature generally lists permeabilities as a
function of frequency for the thickness of sheet manufactured.
To obtain the incremental permeability (u' + I u"), one needs
measurements on very small spheres in order to be free from
flux exclusion by eddy currents at the higher frequencies.
Thls data was taken from the FERROTRON2 design manual which
lists the permeability of 3 micron diameter pure iron spheres
uniformly imbedded in an insulating plastic binder. The per-
meability is sensibly constant up to 1000 MHz indicating that
the imaginary component 1s quite small. ARMCO Thin Electrical

Steels3 indicate that the incremental permeability for 4 mil



-6- IM-277
0300
sheet may be about 100 at 400 Hz for high excitation (bias),
and low incremental inductlion. Combining the two bits of
information, it seems reasonable to take the incremental
permeability as 100 with no imaginary component in the fre-~

quency range of interest.

TABLE 1. Assumed Properties of Materlals

u! u" e! e o(Hz)
16
Iron 100 - - - 4,5x%10
Core Plate - - - - 9 XlO6
Epoxyu - - 3.8 - 9 X102
Phosphate Glassu - - 5.2 - -
TABLE 2. Assumed Dimension
a(in) b(in) Dlamin(in) dcrack(in)
750 6.000 .0250 .000375

To obtain values of the propagation constant k and im-
pedances 7, the permeabiliity of the iron was taken to be
# = 100, the permittivity of the crack was taken to be a
mixture of 1/3 that of epoxy with 2/3 that of phosphate glass.
The conductivity of iron 1s taken to be 20 uyohm-cm and that
of the crack to be lO5 ohm-cm.

Table. 3 presents the results from the program CRACK.
The propagation constant k is given in units of w/c. In the

impedance columns, first the real part is presented and then
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the imaginary. Gaussian units are employed, hence all im-
pedances are dimensionless. By bore impedance, the impedance
of Eq. (22) is meant. Crack impedance 1s the value given in
Eq. (24). Guide impedance 1s series combination of bore im-
pedance and crack impedance each taken in proportion to 1its
relative thickness along the inner bore of the magnet. Figure
1 presents a plot of the guide impedance as a function of
frequency.

In particular, it is to be noted from Table 3 that the
crack impedance introduces a large resistive component into
the resultant guide impedance which would equal the bore

impedance for zero crack width.
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FREQ (MHZ)

10.000
20.000
30.000
40.000
50.000
© 60.000
73.000
£0.700
90.090
100.000
117.000
120.000
130.000
140.000
150.000
165.000
170.000
180,000
130,009
200.000
210..000
222.000
2317.000
260.000
2520.000
260.000
270.000
280.008
290.000
300.000
310.000
322,000
330.000
340.000
350,000
362,000
270,000
330,000
390.000
407,000
410,000
420.090
430.000
“4an, 000
450,000
46 0. 000
470.000
420,000
§30.000

FRECMIN (MHZ)
CONDUE+ 16 /SEC )=
CRACK WIDTHCINIS

CUTERRADC( INY

T 1.30000
4 53000

= & 00000

PROPAGATION CONST ANT

1. 95556E+01
1. 57 162E+01
1. 54 733€+01
1. 45001401
1. 7 77DF 401
1. 3207 8€ +01
1.27422E 401
1.23535E+01
1. 2014 0E+31
1. 17201E+01
1. 14 €0 1E401
1.12275£+01
1.13175€+m]
1. 082555401
1. 0651 6€+01
1.7 906E+01
1.03415E+01
1.02929€+01
1. D0 735E +01
9.95232£+00
9. 8384 2F +00
94 73107E 400
9. 8296 1£+07
9. 53 351€+20
9. 44 225€+00
9. 3554 €€ +aN
9.272726+00
9.12372£+00
9. 1181 7€ 400
9. 04 52 0F +00
8. 97639E+00
8.90972£+00
8. A4 561E+00

B. 78 388E 400,

8. 72439E+00D
8.F6633F 400
8. 61'156F +0D
8. 557376400
8. 5061 2€ +00
8. U553 1F +10
8.40726%+00
8.35007E 400
8.31427F+20
8.2698CE 00
8.22657E+00
8. 12453F 403
8. 14253 +00
‘8. 103816402
8. 06 502E+00

1. 2547 9 401
8. 84 13 2240 0
T 4T QE 4T 40D
6. 7083 5E 430
6. 20 44 €5 400
5.R376 3«00
5. 55 38 4F +0 0
5. 3249 45 4G 0
5. 134535 +00
4,97 27 1E+00
4,832 6F 00
4. 7781 I 400
4.5995 TE+5 0
4.5711°1% 420
.41 19 2F 400
4.3356E4G0
4. 2558 EF +0 0
4. 18694 420
4,123 1F 400
4. 05 24 6F +3 0
4. 00778 430
3. 955555 +3 0
3. 9764 OF 430
1.2 M IE 30
3. 8161 2F +00
3, 7744 95 #10
3. 734336 430
3. R3725F +30
3,65 130F 400
3. 6269 5F +30
7. 5940 6E A1 0
3.5525 3E 430
3.5322 7F +30
3.5531 7 400
3.4751 TE+00
3. 848197 4330
3.4221 7E X0
2,39 73 4F 430
3. 37276E 400
3.3URIE G
3.27652F 430
3. 3044 8F 40 0
1,2931 1£ 420
3,.26237° 410
3.242227 400
3.2226 55 400
3.273R 1T +5 D
3. 1853 8E «00

3. 18 70SE U0

00038

FREGMAX (MHZ)

PERMEATILITY
LAMINTHICK( TN
CRACKCONC (MHZ )=

RANT AL CRACK PROPAGATION CONSTANT AND IMPEDANCE

T S00.0C000
= 100.0C000

.0 2500
9.00030

TR ANSVERSE MAGNETTC MOOF

BORE  IMPEDANGE

1. 6254 76 -0 4~ 1. 62 44 75 -0 4
2. 29734E-0 4~ 2,29 T34F -0 4
2. 81 36 65 -0 4= 2481 36 6E =04
3. 24 89 3F =0 4- 3. 24 83 3F -0 4
3.6328 2604 3. 6324 2E-04
3. 9791 1F -0 4= 3. 87 91 1f =04
4, 2379 3E -0 4-4. 29 TI3E -4
4. 5345 8F ~C 4= te 59 45 8F -0 4
4, 87 34 OF =0 4= 4. 87 38 CF -0 4
5. 13701E -0 4= 5. 13 70 1E -0 4
5. 38 TT4E =0 U= S, 38 774E =04
5.62731F-04-5.62731E ~04
5. 85739E~0 4~ 5. 85 70 95 ~0 4
€. 07 81 9E -0 4= 6. O7 81 95 =04
6 2915 3F -0 4~ 6. 29153 -0 4
6. 43 7AGE -0 4- 6, 49 T8 6F -0 8
Fe 63 TR UE ~0 4= 6o 63 T UF =0 4
6o 82 20 26 -0 4= 6o 89 20 25 -2 4 -
7. 0208 8E -0 4~ 7. DB 08 85 -0 4
7. 64235 -0 4~ T, 2648 35 -04
T UN UZ4E -0 4~ 7. 44 424K -0 4
7. 6194 26 ~0 4= 7. 61 4 2F -04
7. 7306 E6E ~0 b4~ 7. 7906 6E -0 4
7. 9582 2F -0 4~ 7. 95 82 &5 -0 4
8. 1223 3E -0 4~ B. 1223 3 -0 4
B, 28 31 8E -0 U~ 8. 28 31 8F -0 4

B U4 DI T7E -0 4- L 4U 09 TE-O Y

8. 5958 6F -0 4- B4 53 58 6E -0 4

. P THBQ2E -0 4~ 8. T4 B2 2E -0 Y

B. 83757E-04- 8. 8375 7F -0 4
9. 04 46 UE -0 4~ 9 O4 46 4E -0 4

" 9. 189372-04~-9. 18 93 7¢ 04

9. 33185E -0 4% 9, 331325604

944721 8E-0U- 3. 4721 85 -04 .

9, 6104 7E-0 4= 9. 61 04 77 =04
9, T4 673E =0 4~-9. 746795 =0k
9. 88 124F ~J 4~ 9. 88 1247 =54
1.00139€~031.0313% -33
1. Gl44 BE -0 3~ 1. 0L 44 BE~D3
le 2 T4DE~D 3= 10274003
1.Q4017E~03-1. Q401 75~33
1.05277€-03-1.05277-33
1.06523F-03-1.06523F-03
1. 07 755€~02-3.077555=-03
1.08972€-03-1.08972£~03
1. 101776 -0 3 1. 101775 =33
1,11 368E~03-1.11368€~03
14 1254 6F ~0 3~ 1ep12 SUEF -0 3
14137136-03-1.13713F-03

.

CRACK IMPEDANCE

6. B63047C -0 1-6,08556E-0 1
1. 0594 5E +00- 84195256 -0 1
1. 4B 932X +00-8. 5617500 1
1. 8736 € 400~ 64 435748 -0 1
1. 9362SE +00-2. 62832601
1. 8514 IE +20 1.90915E-03
1. 66 334E+30 5.33218E-02
1,55026E +00 B.86u84SE-03

1. 5147 X +00-64 75375 -0 2

NFRED z 50
AI? DIELECTRIC= 4 .75000
INNERRADUINDG = 7 75000

GUIDE IMPEDANCE

Se 9587 K -03-% 15348 -03
1.5883 X -02-1. 23373 ~D2
2,225 E-02-5.29300E-02
2, 8013 E-02-% 83104 -~03
2. 9853 JE~02-u4. 24208 -0 3
2. T152 £ -0 2~ 3. B3 &1 82 -N4
25034 X ~02 4. 60620E-04
2. 33R3 X ~02-3.21676E~04
2,2865 X -02-1. 47823k ~03

1. 53 18 7€ +0 0~
1. 5788 1€ +0 O~
1. €3756E +30-
1. 6939 If +00-
Yo 7374 3 400~
1. 76 25 € +0D-
1. 76 87 9E +0 0~

1. 76 02 SE +3 0

1. T4 29 6E +0 0
1.72282€ +20
1. TI42 0€ +00
1.68953F +00
1.67959€ +00
1. 67398E 400
1.6716 £ +00
1.67136£+00
1.67181€+00
1.67198€ 430
1.67118E+30
1. 66 904E +00
1.66551E+00
1.66075€ +0 0
1. 6550EE +0 0
1.64 €8 1€ +00Q
1.64 234E +0D
1. 63594E +00
1.62979€ +00
1. 6240 1€ +20
1.61863€+00
1.61361E400
1. 6089 0E +U 0D
1. 6044 0E +00
1. 60004E +30
1, 5357 3E +20
1.5914 1E+30
1. 58 706E 400
1. S8 26 4E 4D D
1. 5761 7€ 400
1,57 36 6E +5 0
1. 5691 2£E +2 0

1.31855E-01
1. 7G315€-01
1.73525€ -0 1
1.81307E-0 )
le28197 01
7.53871E-02
2.67€51E~02
l.56443€~02

4. T4 796E -3 2,

6.83731E-02
8.0286586 -0 2
8.6102BE-02
B.88124E-02
9,07 756€ -0 2
9.36187€E-02
9,82 192€-02
1.04821E-01
1.13196E-01
1.2283SE-01
1.33037E-0 1
1.433558-01
1.53133E-31
1.620626-01
1.69986E -0 1
1.76882E -0 1
1.82871E-01
1. 880985 -01
1.927556-01
1. 97056E -0 1
2.01129E-0 1
2.051336 -3}
2.030506-G 1
2.13203¢-01
2.169656£-01
2.20°12E-01
2.24811E-01
2.286228-01
2.323126-31
2.35851E-01
2.33221£-01

2. 31 W4 BE -02- 2, WS UT1E-N3
2. 3862 € -02-3. N 77803
224758 PE 0223, 20Tk K -03
2..56131E-02-2. 6 I7T6E-D3
2.62 7526 02~ 2, 434256 -03
2. 6666 TL ~02- 1. T4 134E€-03
2. 6779 %€ -02-1.03573E~03
2. 66 T3 SE-D2~-4, 2868 %E -0 4

2. 64 3T 1IE-D2
2. 6198 ¥ -D2
2.5901 £ 02
2.5701 € -02
2. 5572 -02
2. 5536 £ ~02
2. S4 BB EE -0 2
2550028 =02
2.5522eE-02
2.5541 K -02
2s 5S84 1E-02
2. 55276 -02
2, 5491 -02
2. 5434 =02
2. 5364 4E =02
2.5286 X -02
2.5204 X -02
2.512326~-02
2. 5045 & -0 2
2.43T36E-02
2. 4907 £ -02
2. 43456 X -0 2
2. 4T A3 (£ -02
2.473526-02
2. 4683 1£-02
2. 4631 7€ -02
2. 45831E-02
2. 4527 -02
2. 44 T4 3 -32
2. 4423 E-02
2. 4364 EE-02
2. 430926 -02

2. 2651 2£.-05
3.1277 2 -D4
4. 088 TE-DY
5. 39032604
5. 61 81 6E <09
5. 73958 -04
5. 99 46 6E -0 4
6. 5128 5€ -0 4
7.3299 7€ -n 4
8. 4125 1E -N4
3, 68 41 3€ -n4
1. 10508 -03
1. 420 -03
1. 37195€-03
1. 48 95 56 -0 3
1.53271E-03
1.6309 1€ -03
1. 7556 %€ ~03
1. 6195 1£-13
1. 875226 -03
1. 92556€ -0 3
1.97287E-03
2.01896£-03
2. 0646 1E-03
2. 1106 26-03
2.15689% -03
2.20308E-03
2. 24 870E-03
2. 2931 7E-03
2. 33596E-03
2.376656-03
2. 4] 49 6E -0 3

AN

.00000
.00800
.0000a
.0 0300
.00000
«00000
.30000
00300
.00000
.00000
.30300
<0360
.00000
.00300
.00000
90000
.0 0000
00000
L0000
.00000
-300 00
.00230
.00300
00000
.0ooon
.00003
-00000
.00033
00000
£000300
.00009
.00300

»00300

.00300
00300
.0Ca a0
.06000
.0go0a
.00020
.00000
.00209
.00000
00300
.00000
-0000a
-3030C
.90300
.00000
.00000
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